Abstract. Let N = B -L. B > \L\, gcd(fl. /.) = 1, p \ BL for all primes p «; JÑ. Then N is 0. 1 or a prime. Writing N in this form suggests a primality and a squarefreeness test, if we also require that when the prime q | BL and p < q then p | BL, we sav that B -L is a presentation of N. We list all presentations found for any N. We believe our list is complete.
Surely 349 is a prime, since it is less than 192 and each prime less than 19 appears in exactly one of the two operands. How much more pleasant it is to test 349 for primality by glancing at this difference than by using some other prime testing algorithm.
We aim to find a pair of integers B and L with (1) N = B-L, (2) B>\L\, (3) gcd(5, L) = l, (4) if p < JÑ, then p divides BL.
These conditions eliminate composite values of TV. We show that for given TV, not composite, there are infinitely many choices for B. But we seek presentations of N, those which satisfy the additional condition (5) if q\BL and p < q, then p\BL.
We believe strongly that this condition leads us to a finite list of presentations; i.e., a finite set of TV and a finite set of B for each N. We know that the set of B is finite for fixed N, N > 1.
Condition (5) could be replaced by various other conditions which would cut down the infinite list, but this condition seems more attractive to us than any similar condition on the prime factors of BL.
When N = 1 there is a relation between our work and that of D. H. Lehmer [1] , Lehmer found all pairs of consecutive integers 5 and S + 1 composed of primes up to 41. We are interested in the special case when each of the first k primes is a factor of S(S + 1). These presentations with TV = 1 are listed at the beginning of Table 4 . We know from [1] that there are no presentations with N = 1 and 19 < pk < 43.
Algorithms to test if N is prime or squarefree. Theorem 1 below leads us to primality and squarefreeness testing algorithms. The primality test is implicit in the work of Lehmer [2] . We hope that the squarefreeness test will find practical use.
Theorem 1. N > 1 is prime if and only if it satisfies conditions (1) through (4).
Proof. U N > 1 satisfies conditions (1) through (4), then it is prime since it has no prime factor p < ]/Ñ~.
If N is prime, split the product of all primes less than \[Ñ into two factors u and v with gcd(w, v) = 1. Since the Diophantine equation ux -vy = 1 has infinitely many solutions (x, j^with x > 0, put B = u(Nx + u), L = v(Ny + u). Now TV = B -L, and since gcd(jV, B) = 1, we have gcd(Z?, L) = 1, and conditions (1) through (4) are satisfied.
Primality test. Let pk < N < p2k+x and let M = px • ■ ■ pk be the product of the first k primes, and M = QN + R, 0 < R < N. If R = 0, then JV is composite and has no prime factor greater than pk. If R =£ 0, let G = gcd(N, R). Then G = 1 if and only if N is prime.
Examples. Since 7 < 70 < ll2, take M = 210. Now 70 divides 210, so 70 is composite and has no prime factor greater than 7.
101 is prime because 210 = 2 • 101 + 8 and gcd(101,8) = 1.
91 is composite since 210 = 2 • 91 + 28 and gcd(91,28) = 7.
Note that the algorithm sometimes serves to factor the number.
Testing for primality using this algorithm takes only one long division and one (short) gcd. For N < 106 it is faster or about as fast to prove primality using this algorithm as to use a strong pseudoprime test with two bases (which requires about 40 squarings, 40 multiplications and 40 (or 80) divisions). Should you wish to test N < 106 by this method, you would need to store the product of the primes up to 997. This requires 44 32-bit words. For N < 103, 104 or 105 the number of 32-bit words is 2, 4 or 14.
Squarefreeness test. Express N as the product n,r=1£,' where the F¡ are squarefree. Thus F¡ is the product of those prime factors of N which occur to exactly the z'th power. For example, 8400 has Fx = 21, F2 = 5, F3 = 1, £4 = 2.
Choose k so that pk < N < p3k + x. Now M = px • • ■ pk can be taken considerably smaller than for the primality test.
As before, write M = QN + R. If R = 0, TV is squarefree and has no prime factor greater than pk. Otherwise, let D0 = N and G0 = gcd(N, R). Let Dx = D0/G0 and Gx = gcd(Dx,G0). Continue with Dt = Dl_x/Gi_x and G,■ = gcd(0,, G¡_x) until Gr=l. Now see if Dr is a square. If so, and Dr > 1, then it is the square of a prime greater than pk, and Fx = GQ/GX, F2 = (Gx/G2)2Dr. If Dr is not a square, Fx = (G0/Gx)Dr and F2 = Gx/G2. In any case, F¡ = G¡^x/G¡ for 3 < i < r.
Examples. Since 3 < 106 < 53, we can use M = 6. Then G0 = gcd(6,106) = 2, Dx = 106/2 = 53, and Gx = gcd(53,2) = 1. Since 53 is not square, 106 is squarefree. For N = 323, take M = 30 and find that N is squarefree, but the test does not tell whether N is prime or the product of two primes each of which is greater than 5.
For N = 3000, take M = 30030, finding that the squarefree part of 3000 is 3, and the cubeful part is 103.
To test N < 106 you need store only four 32-bit words for the product of the primes below the cube root of N. To test N < 109 you need 44 32-bit words.
Presentations of primes as sums. Our presentations have B > 0, but we may have L < 0, e.g., 5 = 3-(-2). We write this difference as a sum and refer to the presentation as a sum also. So our presentations include 5 = 3 + 2, 11 = 2-3 + 5, 29 = 3-5 + 2-7, 97 = 5-11 + 2-3-7.
When we try to find such a presentation which uses the primes up to 13, the smallest candidate is 347 = 2-7-13 + 3-5-11.
But take a second glance: 347 violates property (4) because 17 does not divide BL. In fact, we show easily that there are only finitely many sums B + \L\ which satisfy conditions (1) through (4). (1) through (4). Of these, 87 also satisfy condition (5). These are given in Table 1 . Table 1 gives all such presentations for primes less than or equal to 149 and for 167. It is easy to check that neither 151, 157, nor 163 can be written as a sum satisfying conditions (1) through (4).
Presentations with fixed L. Remark 1. 29 is the largest prime which can be presented as N = B -1, and 31 is the largest prime which can be presented as TV = B + 1.
Here pxp2 1. For N = B + 1, N = 2, 3, 5, 7, 13,19, and 31. Table 4 is indeed complete, then the reader can complete Table 2 by subtracting and sorting, with L = 10906571664989 the last entry. Table 2 Presentation of largest prime N = B -L for fixed L < 56 Presentations using primes up to pk. For k fixed, there are only a finite number of presentations using the first k primes. This follows from a theorem of Mahler, which unfortunately does not give a bound. We prove this for pk < 3 and list our conjectured bounds on B in Table 3 .
First, the presentations using no primes: 0 = 1-1, 1 = 1 + 0, 2 = 1 + 1. pk = 2. Next, the presentations using the prime 2 only: 1 = 2-1, 3 = 2 + 1 5 = 22 + l, 7 = 23-l.
= 22-l, pk = 3. We would like to find all presentations using only powers of 2 and 3. We know that N must be 1 or a prime less than 25. First we display the three presentations of 1: 1 = 3 -2 = 22 -3 = 32 -23.
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To + 3 _ ofc+1 _ \S _ "J or (2" -1)23 = (3* -1)3.
Since 3 12" -1 it follows that 2 | a, and since 2313* -1 it follows that 2 | b.
Evidently, a = 2 and b = 2 is a solution. So we add 5 = 25 -33 to our list, making five solutions.
We now prove that this list is complete. Suppose there is a presentation of 5 where the exponent of 2 is greater than 5 and the exponent of 3 is greater than 3. Then We use the following notation for the argument above. pk > 5. For pk > 5, we wrote two programs to find presentations. One starts with fixed TV and uses the first k primes to consider all 2k possible cases, depending on whether each prime is a factor of B or L. For each N and for each case, the program finds the smallest B and L and increments them by the product of the first k primes. Each such pair below the bound is checked, and if condition (5) is satisfied, the presentation is listed.
The second program backtracks through the sums of the logarithms of nonzero powers of primes < pk below the logarithm of the bound. For each pair of sums that is equal (within a given epsilon), the program computes N and lists it if TV < p2k + x. For k small or for k large, the second program is faster. Table 3 gives the smallest and largest B and the count of the number of presentations found for each pk. Table 4 gives all presentations that we have found. We remark that at least one presentation was found for each prime less than 232. We have searched for presentations up to 1014. From this and from Table 4 , the reader can judge whether there are likely to be any presentations still outstanding.
We would like to thank Richard Blecksmith for helpful discussions about the second program and for the use of his personal computer.
